ABSTRACT. In this paper we establish the existence of a gap for the stable length spectrum on a hyperbolic manifold. If M is a hyperbolic n-manifold, for every positive ǫ there is a positive δ depending only on n and on ǫ such that an element of π 1 (M) with stable commutator length less than δ is represented by a geodesic with length less than ǫ. Moreover, for any such M, the first accumulation point for stable commutator length on conjugacy classes is at least 1/4.
INTRODUCTION
If M is a hyperbolic n-manifold with n > 2, Mostow rigidity says that the geometric structure on M is uniquely determined by the algebraic structure of π 1 (M), up to isometry. This means that in principle, one can recover any kind of geometric information about M (e.g. length spectrum, volume, systoles, etc.) from group theory. On the other hand, with some notable exceptions, it is not easy to find concepts which have a straightforward interpretation on both the geometric and the algebraic side.
One of the most important geometric structures on a hyperbolic manifold is the thick-thin decomposition. There is a universal constant ǫ(n) in each dimension (i.e. the Margulis constant) such that the part of a hyperbolic n-manifold M with injectivity radius less than ǫ (i.e. the "thin" piece) consists of cusps and solid tubes. In the complement of these Margulis pieces (i.e. the "thick" piece) the geometry and topology is uniformly controlled by the volume. The point of Margulis' observation is that in each dimension, there is a universal notion of what it means for a closed geodesic to be short. A careful analysis of the behavior of thin pieces under various operations is the source of many compactness and cofiniteness results.
In this paper, we study the relationship between the hyperbolic length of a closed geodesic γ, and the stable commutator length of the corresponding conjugacy class in π 1 (M). We show that there is a universal notion of what it means for a conjugacy class to have small stable commutator length.
We show that when the stable commutator length of a conjugacy class is sufficiently small, so is the length of γ, and (in the typical case), conversely. Thus the thick-thin decomposition of M is typically detected by stable commutator length.
Here, given a group G and an element a ∈ [G, G], the commutator length of a is the shortest expression of a as a product of commutators. The stable commutator length is the liminf of the ratio of the commutator length of a n to n, as n → ∞. We denote stable commutator length by ℓ(a), and by convention we set ℓ(a) = ∞ if a represents a nontrivial class in H 1 (G; R). Note that ℓ(·) is a class function.
We now give a detailed summary of the contents of this paper. In §2 and §3 we recall some standard facts and examples from the theory of bounded cohomology. A quasimorphism on a group G is a map φ : G → R which is almost a homomorphism, in the sense that there is a constant C ≥ 0 (called the defect or the error) such that |φ(a) + φ(b) − φ(ab)| ≤ C for all a, b ∈ G. A quasimorphism is homogeneous if φ(a n ) = nφ(a) for all a ∈ G and all integers n. A homogeneous quasimorphism is a homomorphism exactly when the defect vanishes. In general, given a ∈ G, one can ask for the homogeneous quasimorphism φ for which the ratio of φ(a) to the defect of φ is largest; it is a fundamental theorem of Bavard that this value is exactly half the stable commutator length.
In §4 we observe that elements with very small stable commutator length may be obtained in 3-manifold groups by Dehn surgery. The following theorem follows immediately from the definitions, but highlights a key relationship between Dehn surgery and ℓ: where γ represents the conjugacy class of a in π 1 (M p,q ).
In a hyperbolic manifold, one may obtain homogeneous quasimorphisms by integrating a fixed 1-form α over geodesic representatives of conjugacy classes. The error term can be estimated from the supremum of dα, using the fact that geodesic triangles in hyperbolic space have area bounded by π. By Bavard's theorem, these "de Rham quasimorphisms" give lower bounds on stable commutator length in terms of geometry. By suitable choice of forms, and estimates of Hodgson-Kerckhoff, one can estimate the length of a core geodesic obtained from p/q surgery on a knot in terms of p and the genus of the knot. One can check, using a theorem of Neumann-Zagier, that this estimate asymptotically gives the correct order of magnitude. A similar argument lets one estimate cusp length (i.e. the length of the meridian curve on a maximal horotorus) from genus. The geometric estimates obtained in §4 may be of independent interest to 3-manifold topologists.
The results in §4 may be summarized by saying that one can estimate the length of "most" sufficiently short geodesics in a hyperbolic 3-manifold (up to an order of magnitude) and the geometry of a Margulis tube directly from stable commutator length.
Conversely, in §5 and §6 we show that a sufficiently small stable commutator length implies a short length. The following is the first main result of the paper: Theorem B. For every dimension n and any ǫ > 0 there is a constant δ(ǫ, n) > 0 such that if M is a complete hyperbolic n-manifold, and a ∈ π 1 (M) has stable commutator length ≤ δ(ǫ, n) then if γ is the unique geodesic in the free homotopy class associated to the conjugacy class of a, we have
This is a kind of "spectral gap" theorem for stable commutator length, and implies that for any finite volume hyperbolic n-manifold, there are only finitely many closed geodesics with stable commutator length less than some universal positive bound depending only on the dimension n. This phenomenon turns out to be quite robust; in a forthcoming paper with Koji Fujiwara [6] we prove similar gap theorems for word-hyperbolic groups and groups acting on δ-hyperbolic spaces, with constants depending only on δ and the number of generators.
By Theorem B and the discreteness of the length spectrum in a closed hyperbolic manifold M, it follows that there is a positive first accumulation point for ℓ on conjugacy classes in π 1 (M). We denote this first accumulation point by δ ∞ . It turns out that we can obtain uniform estimates for δ ∞ which do not depend on M or even on the dimension: Theorem C. Let M be a closed hyperbolic manifold, of any dimension. Let δ ∞ be the first accumulation point for stable commutator length on conjugacy classes. Then
This gives a precise sense in which a stable commutator length < 1/4 should be thought of as small. Again, a similar theorem is proved for word-hyperbolic groups in [6] .
In §7 we compare this gap theorem with a construction due to Thurston of long geodesics which bound surfaces of arbitrarily small area. We have the following corollary:
Corollary D. Let M be any finite volume complete hyperbolic n-manifold with n > 2. Then the ratio of the Whitney flat norm to the Gersten filling norm is arbitrarily small for some closed geodesic. That is, for any positive constant κ > 0 there is a closed nullhomologous geodesic γ such that
Finally, we state and prove a "relative" version of Theorem B. Roughly speaking, this theorem says that if two geodesics cobound a small genus surface which wraps many times around each of them, then they are either both short, or both long:
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STABLE COMMUTATOR LENGTH
The material in this section and in §3 is standard, and is included for the benefit of the reader. A basic reference is [3] .
2.1. Definition. Definition 2.1. Let G be a group, and a ∈ G an element. Suppose a is in the com-
i.e. ℓ ′ (a) is the length of the shortest description of a as a product of commutators in G. We extend ℓ ′ to all of G by setting ℓ ′ (a) = ∞ whenever a is not in
The stable commutator length of a, denoted ℓ(a) is defined to be
Note that ℓ(a) is infinite if and only if the image of a in H 1 (G; Z) = G/[G, G] has infinite order. Note further that ℓ ′ and ℓ are class functions on G -i.e. ℓ ′ (a) = ℓ ′ (bab −1 ) and ℓ(a) = ℓ(bab −1 ) for any a, b ∈ G.
Stable commutator length is monotone under homomorphisms:
Proof. If we can express a as a product of n commutators a = C 1 C 2 . . . C n then ρ(a) can be expressed as a product of ≤ n commutators
It follows that ℓ ′ and therefore ℓ is monotone.
Examples.
Example 2.3 (Solvable groups). In [17] , Akhavan-Malayeri obtains the following estimate for certain solvable groups. Let G be a solvable group with finite Prüfer rank s; i.e. such that any minimal generating set has at most s elements. Then for every a ∈ [G, G] there is an estimate
Example 2.4 (Culler's identity). In [7] , Culler observed that in any group, there is an identity
To see this, expand the right hand side to obtain
In fact, Culler showed that in general,
where ⌊·⌋ denotes integer part, and equality holds when u, v together generate a free group. Hence ℓ( [u, v] ) ≤ 1/2. Moreover, a similar calculation gives
On the other hand, in any free group G, for any element a = id, Culler shows ℓ(a) ≥ 1/6. We will give a proof of this in §5.
Example 2.5 (Products of positive twists). In [15] , Kotschick obtained the following estimate for certain elements of mapping class groups. Let G h be the mapping class group of a closed oriented surface of genus h ≥ 2. If a ∈ G h is the product of k right-handed Dehn twists along homotopically essential disjoint simple closed curves γ 1 , . . . , γ k then ℓ ′ (a n ) ≥ 1 + nk 6(3h − 1) and therefore
for which there exists some least real number ǫ = ǫ(φ) ≥ 0 with the property that for all a, b ∈ G we have an inequality 
For any positive integer n and any finite sequence of elements a 1 , a 2 , . . . , a n ∈ G we have an estimate
Proof.
(1) follows from the definition. (2) follows from the formula
follows from the defining property of a quasimorphism by induction and the triangle inequality.
Notation 3.4. The set of quasimorphisms on G are denoted Q ′ (G).
3.2.
Vector space structure. The set Q ′ (G) has the structure of a real topological vector subspace of R G with the weak topology, where
The relation ∼ is a closed equivalence relation on Q ′ (G), and respects the vector space structure. We denote the equivalence class of each φ ∈ Q ′ (G) by [φ] .
We define Q(G) to be the quotient space Q ′ (G)/ ∼. Then Q(G) is a real vector space, with pseudo-norm · defined by
The subspace of Q(G) with norm 0 is closed, and consists exactly of H 1 (G; R).
Exact sequence.
There is an exact sequence
and one may identify the normed vector space Q(G)/H 1 (G; R) with the kernel of the natural map
where H * b denotes bounded cohomology. See e.g. [12] for a thorough discussion. 3.5. Translation length. Proof. If φ ∼ ψ then there is c ≥ 0 such that φ(a n ) n − ψ(a n ) n ≤ c n so the limit is independent of the choice of φ ∈ [φ]. Similarly, we can estimate
Since we can write a n as a product of O(log 2 (n)) factors of the form a 2 i , the limit exists.
A similar calculation shows that τ is actually a class function -i.e. τ(a) = τ(bab −1 ) for any g, h ∈ G, and that τ(id) = 0.
Note that τ [φ] is itself a quasimorphism, and an element of the equivalence class [φ], and a straightforward calculation gives
In fact, a slightly more sophisticated computation gives
see [3] . Furthermore, from the definition, it satisfies
for any a ∈ G and any integer n. We call a function with these properties a homogeneous quasimorphism. It follows that we may identify the space of homogeneous quasimorphisms on G with Q(G), where it is convenient to use the norm ǫ(τ [φ] ) instead of ǫ ([φ] ).
3.6.
Comparison with stable commutator length. There is a fundamental relationship between translation length and stable commutator length in any group. First we show that one can estimate the size of |φ(C)| for any commutator C. Lemma 3.7. Let G be a group, and let φ ∈ Q ′ (G). Then for any commutator C ∈ G, there is an estimate |φ(C)| ≤ 7ǫ(φ)
Proof. We write
and by the definition of ǫ, we obtain
On the other hand, since |φ(id)| ≤ ǫ and
by the triangle inequality, we obtain
From this estimate one obtains a comparison between translation and stable commutator lengths.
Lemma 3.8. Let G be a group, and let [φ] ∈ Q(G). For any a ∈ G, we have an inequality
Proof. Let a be arbitrary, and let φ ∈ [φ] be such that ǫ(φ) is sufficiently close to ǫ ([φ] ). By the definition of stable commutator length, there is a sequence n i → ∞ and expressions a
where each C i,j is a commutator in G, and where
We estimate |φ(a
On the other hand, by Lemma 3.7, we know
It follows that |φ(a
and therefore
Since ǫ(φ) may be taken as close to ǫ([φ]) as we like, the proof follows from the definition of τ [φ] (a).
Homogeneous quasimorphisms and Bavard's theorem.
For homogeneous quasimorphisms, these estimates may be sharpened. Since φ(id) = 0 for a homogeneous quasimorphism, one sees that
for any homogeneous quasimorphism φ. Note that this also follows from ǫ(φ) = 4ǫ([φ]) for φ homogeneous, and Lemma 3.8.
Bavard's theorem is the converse of this estimate:
Theorem 3.9 (Bavard) . Let G be any group. Then for any a ∈ G we have equality
where the supremum is taken over all homogeneous quasimorphisms φ.
The proof is non-constructive, but straightforward. It uses the Hahn-Banach theorem, L 1 − L ∞ duality, and the fact that H 2 (G; R) is generated efficiently (in the L 1 sense) by surfaces for which one knows the exact values of the L 1 norm on homology classes.
Examples of quasimorphisms.
Example 3.10 (Brooks [5] ). Let F 2 be the free group on two letters. Let w be a word in F 2 of length ≥ 2. For any reduced word a ∈ F 2 , define φ w (a) = # of times w occurs in a − # of times w −1 occurs in a Then one may verify directly that φ w is a nontrivial quasimorphism.
Example 3.11 (Fujiwara [9] ). Let G be an amalgamated free product G = A * C B where |C\A/C| ≥ 3 and |B/C| ≥ 2 or an HNN extension G = A * C ϕ where |A/C| ≥ 2 and |A/ϕ(C)| ≥ 2. Then the dimension of H 2 b (G; R) has the cardinality of the continuum. One can find many examples for which H 2 (G; R) vanishes or has finite dimension; consequently, the dimension of Q(G) typically has the cardinality of the continuum.
Example 3.12 (Fujiwara-Bestvina [4] ). Let S be a compact orientable surface, and let G be the mapping class group of S. Then either G is virtually abelian, or else the dimension of Q(G) has the cardinality of the continuum.
HYPERBOLIC GEOMETRY
In this section we construct some explicit quasimorphisms on π 1 of hyperbolic 3-manifolds directly from geometry. Our discussion throughout this section is quite concrete and elementary, and we do not make an effort to obtain optimal constants. On the other hand, we show that our homological tools give the correct order-of-magnitude values of a number of important geometric quantities. We return to this subject in §7 from a more theoretical perspective. 
form the three oriented sides of a pair of pants P. We may choose a pleated surface representative of P with area(P) = 2π. See [25] for the definition and basic properties of pleated surfaces. Observe that L b −1 a −1 and L ab are the same geodesic with opposite orientations. By Stokes' theorem we get Lower bounds on φ(a) can be obtained from geometry:
Lemma 4.3. Let γ be a geodesic loop in M, and suppose that there is a point p ∈ γ for which there is an embedded δ-ball around p which intersects γ in a single arc (through p). Then there is a homogeneous quasimorphism
where γ represents the conjugacy class of a.
Proof. Choose geodesic normal co-ordinates
Then dα = 1 and
The claim follows.
Since every primitive geodesic in a hyperbolic manifold contains a point satisfying the hypothesis of Lemma 4.3 for some ǫ, we deduce that for M a hyperbolic n-manifold, ℓ(a) > 0 for every a ∈ π 1 (M). We will derive a much stronger quantitative statement in the sequel.
Remark 4.4. If α is a 1-form supported in a small ball B, then for a typical long geodesic γ, the intersection γ ∩ B is almost equidistributed in UTB, with density proportional to the length of γ, and with Gaussian error. It follows that for the typical long geodesic γ, we have
and consequently ℓ is typically bounded from below by length.
Example 4.5. Let BS n,m denote the Baumslag-Solitar group
Hence if M is a complete hyperbolic manifold, and ρ : BS m,n → π 1 (M) is any homomorphism, then ρ(a) = id, and ρ factors through a cyclic group. Note that Shalen [23] has shown that for any homomorphism from BS n,m to a 3-manifold group, the image of a must have finite order. Proof. Let S be the solid torus of radius T about γ. We let r denote the distance to γ. Denote the radial projection map by
Parameterize γ by arclength so that it has total length length(γ), and let dθ be the length form on γ. Then dθ pulls back by p to p * (dθ) on S. Along γ, we have p * (dθ) = 1 and pointwise we have
and minimizing
It is clear that k is minimized when f (r) = cosh(r) · constant, and by integrating, we obtain
Now define a 1-form α on S by
We define a de Rham quasimorphism φ by integrating the form sinh(T)α.
Estimates in Margulis tubes.
To apply Lemma 4.6 to a sufficiently short geodesic, we must estimate the radius of a Margulis tube in terms of the length of the core geodesic. We quote an estimate due to Hodgson-Kerckhoff: Lemma 4.7 (Hodgson-Kerckhoff) . Let S be a Margulis tube in a hyperbolic 3-manifold. Let T be the radius of S and length(γ) the length of the core geodesic. Then there is an estimate
See [14] for a proof. Note for T sufficiently large, we get e T ≥ 1.03 length −1/2 (γ).
Remark 4.8. For any dimension n, it is straightforward to show that there exists a constant C n such that e T ≥ C n length −2/(n+1) (γ). See [21] for a proof.
From Lemma 4.3 and Lemma 3.8 we obtain a lower bound on the stable commutator length of a in terms of the geometry of a geodesic representative.
Conversely, we can sometimes deduce an upper bound from topology. The following theorem is, of course, completely elementary. However, since it will be important for what follows, we draw special attention to it. Proof. By construction, a singular chain which represents pn times the fundamental class of γ can be written as the boundary of a singular chain representing the fundamental relative class of Σ.
It is well-known that this fundamental class can be represented by rational singular chains with L 1 norm arbitrarily close to −2χ(Σ). One way to see this, is to take a one-vertex triangulation of a large degree cover, and push down by the covering map. Then the estimate follows from Theorem 3.9.
Theorem A says that away from finitely many lines in Dehn surgery space, the core geodesics obtained by hyperbolic Dehn surgery have arbitrarily small stable commutator length. Since all sufficiently short geodesics arise by geometric Dehn surgery on cusped manifolds, this strongly suggests that "typical" short geodesics have very small stable commutator length. We can use Lemma 4.7 and Lemma 4.6 to make the relation between ℓ and length quantitative. For simplicity, we state this corollary for knot complements: 
Proof. By Lemma 4.7 and Lemma 4.6 there is a homogeneous quasimorphism φ with ǫ(φ) ≤ 2π and satisfying
On the other hand, by Lemma 4.2 and Theorem A we have
In [20] , Neumann and Zagier define the following quadratic form Q:
where ∂S is the horotorus boundary of the cusp on M, and pm + ql is a straight curve on the horotorus (in the intrinsic Euclidean metric) representing p times the meridian plus q times the longitude. Equivalently, we can scale the Euclidean cusp to have area 1, and the form reduces to Q(p, q) = length 2 (pm + ql). Proposition 4.3 from [20] gives the following asymptotic formula for length(γ), the length of the core geodesic of M p,q : Lemma 4.10 (Neumann-Zagier).
It follows that for q fixed, we get
where m is the length of the meridian in the Euclidean cusp, normalized to have area 1.
Putting this together with Corollary 4.9 we obtain the following estimate: and therefore
It follows from Lemma 4.6 that for sufficiently large p we obtain a quasimorphism φ with ǫ(φ) ≤ 2π satisfying Remark 4.13. Both Corollary 4.9 and Corollary 4.11 have straightforward generalizations to Dehn fillings on arbitrary 1-cusped hyperbolic manifolds. In place of (genus − 1/2) one must substitute −χ(S)/2n where S is a surface which homologically bounds n times some primitive curve on the boundary of the cusp which by abuse of notation we call the longitude. We introduce notation
n and call −χ Q /2 the "rational genus". Then our estimates in the Corollaries above generalize to
where γ is the core geodesic obtained by doing a Dehn filling along a slope which has intersection number p with the longitude, and
where length(m) is the (normalized) length of the shortest curve on a horocusp which is (rationally) homologically essential in M.
Since the inequalities above give us the correct order of magnitude relationships between length(γ), p, length(m) and g, we conclude that our estimate on stable commutator length in Theorem A must typically be close to optimal.
SURFACES
We have seen in §4 that it is easy to produce examples of hyperbolic 3-manifolds whose fundamental groups contain elements with arbitrarily small stable commutator length. In this section and the sequel we work on estimating uniform (positive) lower bounds on ℓ.
In this section, as a warm-up, we study stable commutator length in surface groups. The main observation is an explicit positive lower bound on stable commutator length, independent of the choice of element or even the choice of surface. Proof. The theorem is vacuous if S is a disk or sphere, and trivial if S is a cylinder or torus, so we suppose S is hyperbolic, and choose a hyperbolic metric on it. Let a be represented by a geodesic loop γ, and let n ∈ Z be such that there is a surface Σ with genus g ≤ (n + 1)ℓ(a) and a map ρ : Σ → S taking ∂Σ to γ n . Since π 1 (S) is LERF (c.f. [22] ), there is an m-fold coverŜ of S for some m such that γ lifts to m disjoint embedded geodesics γ 1 , . . . , γ m ⊂Ŝ. If m = 1, then γ is already embedded; in this case, we can choose a hyperbolic metric on S for which γ is contained in a Margulis tube, and Lemma 4.6 gives a sufficiently good estimate. So we assume m ≥ 2. Now, letΣ be the smallest cover of Σ so that ρ lifts tô
Then the image of the fundamental relative classρ
and therefore the imageρ * [Σ] maps with degree n to an embedded subsurface T ⊂ S with
The surface T has m boundary components and is negatively curved, so
Since the degree of the coveringŜ → S is m, the degree of the coveringΣ → Σ is at most m, and therefore
Remark 5.2. This reproduces the estimate in Example 2.4, and suggests that from the viewpoint of stable commutator length spectrum, free groups are indistinguishable from surface groups. In fact, we will see that we can improve on the estimate in Example 2.4. If G is a surface group (orientable or not), every nontrivial conjugacy class has an infinite orbit under Out(G). It follows that for any a ∈ G\id, there is some b in G represented by an arbitrarily long geodesic with ℓ(a) = ℓ(b).
As a corollary of Theorem C (to be proved in the sequel), this implies that for any a ∈ G\id, we have ℓ(a) ≥ 1/4, and it seems plausible that in an orientable surface group, we can estimate ℓ(a) ≥ 1/2. Remark 5.3. A similar argument gives lower bounds in hyperbolic orbifold groups in terms of the orders of the orbifold points. Any geodesic which is rationally nullhomologous "bounds" some (immersed) suborbifold. The (algebraic) area of this suborbifold gives a lower bound for stable commutator length. The one caveat is when the suborbifold is degenerate and has algebraic area zero: this happens only when the geodesic wraps some number of times around around an interval with order two endpoints. Algebraically, this corresponds to the case when π 1 contains a copy of the group Z/2Z * Z/2Z. In such a group, an infinite order element satisfies ℓ(a) = 0. Except for elements of this form and torsion elements, there is a uniform lower bound (in terms of the orders of the torsion points) on the hyperbolic area which a geodesic representative (algebraically) bounds, and the conclusion follows.
Remark 5.4. Let F 2g denote the free group on 2g generators, and let
be a monomorphism, where π 1 (S 2g ) denotes the fundamental group of a closed orientable surface of genus g, and ρ maps F 2g onto π 1 of the "left half" of S 2g . I.e. let i : S 2g → S 2g be an involution which leaves invariant a separating curve γ which bounds two disjoint genus g subsurfaces, and which interchanges the two sides. Let S ± g denote the two subsurfaces, so i : S ± g → S ∓ g , and F 2g ∼ = π 1 (S + g ). Then for any a ∈ F 2g represented by a loop α ⊂ S + g , if Σ is a surface mapped into S 2g whose boundary represents a power α n , we may replace Σ by the surface |Σ| of the same genus which is contained in S + g and also bounds α n , where by abuse of notation, we write
) This shows that for all a ∈ F 2g , the inclusion map ρ satisfies ℓ(ρ(a)) = ℓ(a)
HYPERBOLIC n-MANIFOLDS
6.1. The Gap Theorem. In general, the relation between hyperbolic length and stable commutator length is not straightforward, as the following example shows.
Example 6.1. Suppose M is a hyperbolic 3-manifold which contains a closed incompressible quasifuchsian surface S of genus 2. There are infinitely many free homotopy classes γ i of separating simple essential closed curves on S which all bound a genus 1 surface, and therefore satisfy ℓ(γ i ) ≤ 1/2 in π 1 (S). Since ℓ is monotone under homomorphisms, ℓ(γ i ) ≤ 1/2 in π 1 (M). Since S is quasifuchsian, length(γ i ) → ∞.
Note: the condition that S be quasifuchsian or even embedded is not really necessary here, but just imposed to make the example more transparent.
On the other hand, in this section we will show that a sufficiently small stable commutator length implies that the geodesic representative has a small length.
Theorem B. For every dimension n and any ǫ > 0 there is a constant δ(ǫ, n) > 0 such that if M is a complete hyperbolic n-manifold, and a ∈ π 1 (M) has stable commutator length ≤ δ(ǫ, n) then if γ is the unique geodesic in the free homotopy class associated to the conjugacy class of a, we have
be an expression of a power of a so that y/x is very close to δ. By reversing orientation if necessary, we assume that x is positive. We will show that if δ is sufficiently small, then length(γ) is necessarily (comparably) small.
Let α be the geodesic representative of the free homotopy class corresponding to A. Note that length(α) = x length(γ)
Let S be a genus y surface with a single boundary component, corresponding to the expression of A as a product of y commutators. The expression of a x as a product of y commutators defines a relative homotopy class of map [ f ] from the pair (S, ∂S) to (M, α). We choose a pleated surface S in M representing [ f ], and note that area(S) = 2π(2g − 1).
We consider a collar neighborhood of ∂S in S, with the induced path metric. If length(α) = length(∂S) is very long, the area of this collar would exceed the area of S unless the surface S becomes very thin along most of γ. We make this more precise. For each point p ∈ ∂S let d(p) denote the maximal radius of an embedded half-disk in S centered at p. We can define a "thick-thin" decomposition of ∂S according to where d(p) is ≥ or < some universal constant (for those uncomfortable with thick-thin in a hyperbolic manifold with geodesic boundary, first double S, then take the induced thick-thin decomposition of the double, and restrict to S).
Pick C 1 > 0 to be some very small number (which we will fix later). Then there is a universal constant C 2 > 0 depending only on C 1 such that the ∂S is decomposed into alternating segments σ 1 Since area(D i ) ≥ π/2 and the D i are disjoint, it follows from area(S) ≤ 2π(2y − 1) that we have an inequality l ≤ 8y − 4 We choose some big length L ≫ 0. If length(α) ≥ L then the part of α contained in the union of the τ i is ≤ (8y − 4)C 2 and therefore there is some σ i , which by abuse of notation we denote by σ, for which
Now, associated to σ there is some B ∈ G conjugate to A −1 for which the axes of A and B in H 3 are at most C 1 apart along a distance length(σ). Note that because S is oriented, the orientations on these axes induced by A and B point in almost the same direction. Let b be the xth root of B corresponding to a. Note that the translation lengths of a and b are equal, and equal to length(γ).
Providing length(γ) is small compared to length(σ), it follows that the product ba −1 has translation length ≤ 4C 1 . Similarly, the product a −1 b has translation length ≤ 4C 1 . Note: just setting length(γ) ≤ 1 2+κ length(σ) will do, where κ is arbitrarily small when length(σ) is large, by convexity of the length function. To see this, let p be the midpoint of σ, and let q ∈ axis(b) be the closest point to p. Then b(q) is distance length(γ) from q along axis(b), and b(p) is distance ≤ 2C 1 from some point r on σ. By the triangle inequality, Figure 2 . It follows in either case that we get a contradiction.
We reiterate the logic of the argument to deduce the correct constants. If 4C 1 is smaller than the n-dimensional Margulis constant, then
to ensure discreteness. Note that C 2 is a constant which depends on C 1 , which depends only on the dimension.
But length(γ) = length(α)/x, and therefore
If x is small, then since y is integral, y/x is bounded away from zero by a positive constant, and we are done. If x is very big compared to y, we obtain an inequality length(α) ≤ C 3 y for some C 3 which depends only on n. Therefore length(γ) ≤ C 3 y x is as small as desired.
Note that Theorem A provides a partial converse to Theorem B.
Remark 6.2. By Lemma 4.6, Lemma 4.7 and Corollary 4.9, we know that in dimension 3 the dependence of the optimal δ on ǫ is given by
for small ǫ. Similarly, in any fixed dimension n we have
again for sufficiently small ǫ, but it is not clear what the optimal δ is. The first inequality arises here since a hyperbolic 3-manifold group acts isometrically on H n by stabilizing a totally geodesic 3-dimensional subspace. The second inequality follows from Remark 4.8.
In any closed hyperbolic manifold, the (geodesic) length spectrum is discrete, so that there are only finitely many conjugacy classes with ℓ(a) ≤ δ(ǫ, n) for any finite ǫ. On the other hand, any hyperbolic manifold with nonelementary fundamental group contains a quasi-isometrically embedded free group, and therefore infinitely many conjugacy classes of elements with ℓ ≤ 1/2.
It follows that there is a first accumulation point for the stable length spectrum as a function from conjugacy classes to R + , which we denote by δ ∞ , and we always have δ ∞ ≤ 1/2 whenever M is nonelementary. Our next theorem gives uniform lower bounds for δ ∞ . For simplicity, we state our theorem for closed manifolds, although a similar theorem can be proved for cusped manifolds.
Theorem C. Let M be a closed hyperbolic manifold, of any dimension. Let δ ∞ be the first accumulation point for stable commutator length on conjugacy classes. Then
The proof follows directly from the proof of Theorem B, where we take some care to achieve optimal constants.
We assume a ∈ π 1 (M) has small stable commutator length, and is represented by a geodesic γ which we may assume to have length as large as desired. By discreteness of the length spectrum, this holds for all but finitely many conjugacy classes.
As before, we obtain a pleated surface S whose boundary wraps multiple times around γ, which contains an arbitrarily thin strip bounding an arc σ. With notation as in the proof of Theorem B, we can assume area(D i ) ∼ π with arbitrarily small error, and
Since C 2 is very big but fixed, and y is also potentially very big, we get an estimate length(σ) ≥ length(α) 4y
Now, we assume length(γ) < length(σ), where the difference in distance is big (but small compared to length(σ), length(γ) of course). We choose p not to be the midpoint of σ, but distance (length(σ) − length(γ))/2 from one endpoint. Note that this distance is assumed to be large, but small compared to both length(σ) and length(γ). Then as before, we have inequalities
where
Since length(γ) is assumed to be sufficiently big, we can assume 4C 1 is as small as desired. In particular, we can assume 4C 1 is smaller than the smallest translation length of any nontrivial element in π 1 (M). But this implies a = b in which case c 2 = id, which is absurd in a manifold group.
The conclusion is that length(γ)/length(σ) ≥ 1 − κ for arbitrarily small κ depending on length(γ), and therefore length(γ) ≥ length(α)/4y − κ and ℓ(a) ≥ 1/4 − κ. It follows that δ ∞ ≥ 1/4, as claimed.
Remark 6.3. If M is a finite volume hyperbolic 3-manifold, possibly with cusps, the first accumulation point δ ∞ still satisfies δ ∞ ≥ 1/4. For, if γ is a sufficiently long closed geodesic in M, we can find a Dehn filling M ′ of M in which the image of γ is also homotopic to an arbitrarily long closed geodesic. The stable commutator length of a sufficiently long geodesic in M ′ is at least 1/4 − κ for any κ, by Theorem C. Moreover, the stable commutator length can only go down under Dehn filling; the claim follows.
If M is a finite volume hyperbolic n-manifold, the argument of Theorem B shows directly that δ ∞ ≥ 1/8. But it seems reasonable to expect that δ ∞ ≥ 1/4 in this case too.
Example 6.4 (twisted I-bundle).
Let H = # 3 P 2 , i.e. the closed non-orientable surface with Euler characteristic −1. A presentation for π 1 (H) is
from which is it clear that the conjugacy class of c satisfies ℓ(c) ≤ 1/4. Moreover, as is well-known, the conjugacy class of c has an infinite orbit under Out(π 1 (H)). The group π 1 (H) can be realized as a Fuchsian group, and can be included in the fundamental group of a closed, orientable 3-manifold. Consequently, it follows from Theorem C that ℓ(c) = 1/4, and that the lower bound in that theorem is sharp.
For example, let M be a genus 2 surface bundle over a mirror interval. That is, let N = Σ × [−1, 1] where Σ is a genus 2 surface. Let σ −1 , σ 1 be orientationreversing fixed-point free involutions on Σ, and let M be obtained from N by quotienting Σ × 1 → Σ/σ 1 and Σ × −1 → Σ/σ −1 . Then M is a closed, orientable 3-manifold, and for generic choices of σ 1 , σ −1 , it admits a complete hyperbolic structure. Moreover, it contains a one-sided π 1 -injective copy of H = Σ/σ 1 .
It follows from this example and from Theorem C that lim ǫ→∞ δ(ǫ, 3) = 1 4 Remark 6.5. It is a well-known conjecture that there is a uniform positive lower bound on the length of a closed geodesic in an arithmetic manifold. This is related to Lehmer's conjecture in number theory; c.f. [16] , [19] . This motivates the following Conjecture 6.6. For each n there is a constant C(n) > 0 such that for any arithmetic hyperbolic n-manifold M and any non-parabolic a ∈ π 1 (M)\id, there is an inequality
Remark 6.7. If "manifold" is replaced by "orbifold" in the statement of Theorem B or Theorem C, then there are a number of places where the argument must be modified. In an orbifold, elliptic elements with a common fixed point do not necessarily commute. Moreover, we must allow the possibility that c 2 = id in which case a is conjugate to a −1 .
In any group, if there is c such that ca −1 c −1 = a then a 2n = a n ca −n c −1 = [a n , c] and the stable commutator length of a vanishes (compare with Remark 5.3).
In any case, it is straightforward to obtain estimates which depend only on dimension and the order of the torsion elements.
Example 6.8. Let S be a non-orientable orbifold with underlying surface a projective plane, and with two orbifold points of order 2 and 3 respectively. Then π 1 (S) contains infinitely many conjugacy classes a with ℓ(a) ≤ 1/24. Is this the lowest positive accumulation point for ℓ on conjugacy classes in any Kleinian group? Remark 6.9. One can ask more refined questions about the stable commutator length spectrum for a hyperbolic manifold.
Question 6.10. Let M be a hyperbolic n-manifold. Does ℓ(π 1 (M)) ⊂ Q?
This question should be thought of as asking for a "relative" version of the fact that the unit ball in the Thurston norm is a finite-sided polyhedron. I expect the answer is "yes" when n = 2, 3. Can one argue in dimension 3 using branched surfaces? Given a knot γ in a 3-manifold M, is there a finite constructible set of branched surfaces in M such that any immersed surface which bounds some multiple of γ can either be simplified to reduce −χ, or else is carried by one of the set of branched surfaces?
Note that in an arbitrary word-hyperbolic group, every ℓ(a) is a computable number, by the method of Grigorchuk and Lysionok in [11] (also see [7] ). Moreover, for any such a, one can compute ℓ(a) to within 1/n in time which is at worst exponential in n (but depending on a). The answer is surely "no" when n = 2.
Remark 6.12. Theorem B and Theorem C admit natural generalizations to wordhyperbolic groups, and to groups acting on δ-hyperbolic spaces, such as mapping class groups and amalgamated free products. This will appear in a forthcoming joint paper [6] with Koji Fujiwara.
6.2. Broken Windows. The following discussion is included for the benefit of the reader, and is not logically necessary for the rest of the paper.
If an nth power of an element in π 1 (M) can be expressed as a product of m commutators, one obtains an immersed 2-complex K ⊂ M obtained from wrapping the boundary of a genus m surface n times around the corresponding geodesic γ. The map of K into M is almost never π 1 -injective, but when it is, one can derive a global relationship between n, m and length(γ). This is actually an effective version of a special case of Thurston's "Broken Windows Only Theorem". We give a sketch of a proof; for details, consult [26] .
Proof. Let K ⊂ M be an embedded 2-complex built out of the image of a suitable pleated surface S by wrapping the boundary m times around the geodesic γ. By Gauss-Bonnet, area(K) = (4m − 2)π
In the universal cover M = H 3 the preimage K is a tree of hyperbolic planes in its intrinsic metric, with valence m ≥ 3 along the branch locus, which is equal to the preimage γ of γ. A random walk on K pushes down to a random walk on K. Since the geodesic curvature of K is uniformly negative, a random walk crosses γ with frequency proportional to the length of γ. It follows that there is a constant C > 0 independent of m and n such that for a random geodesic σ in K of length T, the number of intersections of σ with γ satisfies
Since K has valence n along each such sheet, this implies that the area of the ball of radius T about a point p ∈ K satisfies
On the other hand, since K is embedded in M, this growth rate must be less than the volume of hyperbolic 3-space, or else K would accumulate on itself. It follows that we can estimate
and we are done.
Example 6.1 shows that the restriction n ≥ 3 is necessary.
In fact, the same argument proves more: if K n,m denotes the 2-complex with π 1 (K n,m ) = G n,m , and if f : K n,m → M maps to a hyperbolic 3-manifold, where the core geodesic maps to a hyperbolic geodesic γ, then one can estimate the relative density of the kernel of f * in G n,m from below in terms of the length of γ.
7. WHITNEY NORM VERSUS GROMOV NORM 7.1. Whitney flat norm. In this section we return to the construction of quasimorphisms from differential forms, as in §4. One might ask whether it is possible to prove Theorem B by Lemma 4.1 and a suitably clever choice of 1-form α tailored to a given closed geodesic γ. In fact, it turns out this is impossible, as we shall soon see.
By integration, a smooth (singular) chain in a manifold M may be thought of as a current -i.e. an element of the the dual space of smooth de Rham forms on M. This induces a (weak) topology, dual to the C ∞ topology on Ω * (M). The space of currents in each dimension is not a Banach space but merely a Fréchet space, so it makes sense to impose some additional structure, or to restrict attention to suitable currents.
Let C d (M) denote the space of d-dimensional rectifiable chains. On this space one considers the Whitney flat norm (see [27] ):
We let W denote the closure of C 1 (M) with respect to the Whitney norm. It is a fundamental theorem of Federer and Fleming ( [8] ) that for any positive µ, on the space of cycles with mass ≤ µ, the weak topology and the Whitney flat topology agree, and in this topology the space is compact.
Let γ ⊂ M be a closed, oriented geodesic. Then γ is an element of W. Thus the Whitney norm determines a class function on π 1 (M). Note for any γ, if S is a oriented surface in M with ∂S = γ then
Moreover, if α is any Lipschitz 1-form with α ≤ 1 and dα ≤ 1, we have an estimate γ α ≤ γ ♭ 7.2. Gersten filling norm. On the other hand, γ can be represented by a singular cycle with real coefficients. If the real homology class represented by γ is trivial (equivalently, if some power of γ is in the commutator subgroup of π 1 (M)), we can consider singular 2-chains C with ∂C = γ. One considers the Gersten filling norm (see [3] , [12] , [10] ):
By Bavard's theorem, γ G is equal to 4ℓ(a) where a is the conjugacy class in π 1 (M) represented by γ.
Ideal Quadrilaterals.
One has the following example, due to Thurston: Example 7.1 (Thurston) . Let P be an ideal quadrilateral in H n , n > 2 with the property that opposite vertices are very close together in S n−1 ∞ , and the ideal simplex they span has simplex parameter whose imaginary part is much bigger than its real part (this requires n > 2). Then P spans a disk with arbitrarily small area. For any finite volume hyperbolic n-manifold M we can immerse P in M by projecting H n → M. Now, for generic choices of endpoints, the four boundary geodesics are equidistributed in UTM, and therefore after an arbitrarily small perturbation, we can glue up opposite faces to product a once-punctured torus T with arbitrarily small area and boundary γ = ∂T. Since the matching can be performed with infinitely many translation lengths along the sides, length(γ) can be chosen to be arbitrarily long.
On the other hand, by Theorem B, the stable commutator length ℓ(a) cannot be too small, where a is the conjugacy class corresponding to γ, and therefore γ G is bounded below by a positive constant. This gives us the following corollary: 
STABLE COMMUTATOR LENGTH IN OTHER 3-DIMENSIONAL GEOMETRIES
For contrast, we study ℓ in π 1 (M) for M a 3-manifold with one of the seven (non-hyperbolic) 3-dimensional geometries.
Example 8.1 (S 3 , S 2 × R, R 3 , Sol, Nil). If M has one of these geometries, π 1 (M) is amenable, and therefore H * b (π 1 (M)) vanishes in every dimension. It follows that for each a ∈ π 1 (M), either a is nontrivial in H 1 (M; R) in which case ℓ(a) = ∞, or else ℓ(a) = 0. In most cases, one can see ℓ(a) = 0 directly for trivial reasons.
The case that M has a Sol geometry is a little more interesting. The typical case is when π 1 (M) = Z 2 ⋊ Z where the conjugation action of the generator g of Z on Z 2 is given by an Anosov matrix A (i.e. one with |trace| > 2). If a maps nontrivially to the Z factor, ℓ(a) = ∞. Otherwise, a ∈ Z 2 . Let v 1 , v 2 be two eigenvectors of A over R 2 . Then for any n, we can write a n as a product a n = w n,1 w n,2
where w n,1 is almost a multiple of v 1 , and w n,2 is almost a multiple of v 2 . It follows that for suitable non-negative integers k 1 , k 2 , the conjugates g k 1 w n,1 g −k 1 and g −k 2 w n,2 g k 2 are both words of uniformly bounded length in Z 2 with respect to any fixed generating set. So ℓ(a n ) is bounded by a constant independently of n, and therefore ℓ(a) = 0.
Example 8.2 (H 2 × R).
The typical case is that π 1 (M) = G × Z where G is a surface group. If a ∈ π 1 (M) has nontrivial image in the Z factor, then ℓ(a) = ∞. Otherwise, a is contained in G. In a surface group, ℓ(a) ≥ 1/4 by Theorem C.
Example 8.3 ( SL (2, R) ). The typical case is that there is a short exact sequence
where G is a surface orbifold group. In a surface orbifold group, ℓ can be estimated from the algebraic area enclosed by any (possibly immersed) geodesic loop (see Remark 5.3).
There is also an action of π 1 (M) on R which comes from the universal cover R → S 1 of the natural action of PSL(2, R) on RP 1 = S 1 . For this action, Poincaré's rotation number (see e.g. [24] , Lecture 10 for a definition and basic properties) is a natural homogeneous quasimorphism with defect 2. This quasimorphism takes the value 1 on the generator of the center of π 1 (M), and takes some value p/q where p = 0 is coprime to q on any element which maps to a torsion element of order q in G. Similarly, if the image of a nontrivial a in G is conjugate to its inverse in G, the rotation number of a is at least 1.
It follows that there is a uniform lower bound on ℓ(a) for all a ∈ π 1 (M)\id which can be estimated from the orders of the orbifold points in G.
SHORT GEODESICS WITH LONG STABLE COMMUTATOR LENGTHS
9.1. Relative stable commutator length. Short geodesics whose stable commutator lengths are bounded below do in fact occur naturally: Let M n be the result of this surgery. There is a curve α n in M n corresponding to α. As n → ∞, we have length(α n ) → ∞. On the other hand, the stable commutator length is constant. Example 9.2 (Twist knots). Given a knot K ⊂ S 3 , let D be a disk in S 3 whose boundary is disjoint from K, and through which ≥ 2 parallel strands of K pass essentially. Cutting along D and regluing after n twists produces a so-called (generalized) twist knot. Topologically, this corresponds to doing 1/n surgery on ∂D.
This produces examples of knots in S 3 whose complements contain arbitrarily short geodesics with stable commutator length bounded below. Example 9.3 (Agol). In [2] , Agol shows that in any dimension n, if there is an artihmetic hyperbolic n-manifold defined by a quadratic form which is GFERF (i.e. subgroup separable on geometrically finite subgroups) then there exist finite volume hyperbolic n-manifolds with arbitrarily short geodesics. Such subgroups exist for all n ≤ 12. This raises the obvious question:
Question 9.4. What is the stable commutator length of the conjugacy classes corresponding to the short geodesics in Agol's examples?
One way to detect the length of a short geodesic algebraically is by means of a "relative" stable commutator length; Theorem B has the following relativization: Proof. As in the proof of Theorem B, we construct a pleated surface S in M with two boundary components, one which is equal to β, and one which wraps y times around γ. We have area(S) = 8y. If α is the boundary component of S which wraps y times around γ, then there is a thick-thin decomposition for S which as before induces a decomposition of α into alternating segments σ i , τ i where each τ i segment has length ≤ C 2 and separates off a region D i of S with area at least π/2, and each σ i segment bounds a strip with thickness ≤ C 1 . Some of the σ i segments cobound the strip with a subsegment of β, but the sum of the lengths of these segments is bounded by length(β) + C 3 for some universal constant C 3 .
It follows as in the proof of Theorem B that there is some σ i which by abuse of notation we denote σ, such that length(σ) ≥ length(α) − 8C 2 y − length(β) − C 3 8y which cobounds a strip of thickness ≤ C 1 with another subarc of α. Lifting to the universal cover, we get a pair of elements A, B both conjugate to a x with distinct axes which are distance at most C 1 apart along a distance length(σ).
As in the proof of Theorem B, if length(σ) is big compared to length(γ), we get a contradiction; the theorem follows.
Example 9.5. If M is a complete hyperbolic 3-manifold with at least two cusps T 1 , T 2 it is possible that there is a genus g surface whose boundary is the union of a "longitude" l 1 on T 1 and a "longitude" l 2 on T 2 . In this case, we think of length(l 2 ) = 0 and we obtain estimates on the geometry of a Margulis tube around the core geodesic after Dehn surgery on T 1 , analogous to those results we obtained in §4.
If we replace length(β) by length(β) + total curvature(β), then a similar estimate holds for an arbitrary (not necessarily geodesic) loop β in the free homotopy class of b. The complex length of γ is the ordinary length, plus i times the amount that parallel transport of the normal bundle winds relative to the homological trivialization.
Then Theorem A shows that for any knot K, for all but finitely many surgeries on K, the core geodesic either has arbitrarily small stable commutator length, or has complex length uniformly bounded away from zero. 
